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Nonuniqueness of the two-temperature Saha equation and related considerations
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The present paper contains considerations relative to the long debated thermodynamic derivation of two-
temperature Saha equations. The main focus of our discourse is on the dependence of the multitemperature
equilibrium conditions on the constraints imposed on the thermodynamic system. We also examine the fol-
lowing key issues related to that dependence: correspondence between constraints and equilibrium-equation
forms that have appeared in the literature; presumed dominance of the free-electron translational temperature
in the two-temperature expression of the equilibrium constant of the ionization reactionA
A11e2; disagree-
ment between the derivation methods based on, respectively, the extended second law of classical thermody-
namics and axiomatic thermodynamics; and plausibility of the existence of entropic constraints.
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I. INTRODUCTION

The thermodynamic derivation of the Saha equat
modified for the case of two-temperature or multitemperat
plasmas is a recurrent topic in theoretical works~see Refs.
@1–13# and references therein! since quite a few decades an
has spawned the proliferation of different forms of t
chemical-equilibrium equation with the consequent deb
regarding which one of those forms isthe correct oneto
apply. This situation has certainly had, and is still having,
impact on the applications@14–21#.

In a short technical note@22# published by the presen
authors in 1995, the idea was introduced, and explic
through analysis of a simple equilibrium case, that the lo
debated different forms of the two-temperature Saha eq
tion encountered in the literature do not compete with e
other because they describe different thermodynamic equ
ria according to the nature of the physical constraints that
imposed on the plasma. It is certainly true that the sub
matter was touched upon very synthetically in Ref.@22#. Yet,
more thoroughly elaborate analyses that concentrate on
thermodynamic equilibrium of multitemperature gas m
tures have been presented in Refs.@23,24#; interested reader
are referred to the latter references for a better understan
of the idea in question and to become familiar with the ba
ground on which the considerations of the following sectio
rely upon.

The purpose of the present paper is twofold: it aims
reemphasize the importance of the physical constraint
determining chemical-equilibrium equations and compo
tion of a two-temperature plasma and, more importantly
examine a few related key issues, such as the correspond
between constraints and equilibrium-equation forms t
have appeared in the literature, the presumed dominanc
the free-electron translational temperature in the tw
temperature expression of the equilibrium constant of
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ionization reactionA
A11e2, the disagreement betwee
the derivation methods based on, respectively, the exten
second law of classical thermodynamics and axiomatic th
modynamics, and the plausibility of entropic constraints.

II. DEPENDENCE OF THE EQUILIBRIUM CONDITIONS
ON CONSTRAINTS AFFECTING THE INDEPENDENT

STATE VARIABLES

Consider a two-temperature plasma composed by a m
ture of atomsA, ionsA1, and free electronse2 subjected to
the ionization reactionA
A11e2. For such a thermody-
namic system, one should not miss the important and
reaching fact that it is not sufficient to include onlytotal
entropyS or internal energyU, together with volumeV and
mole numbersNs(s5a,i ,e), to exhaust all the independen
state parameters but it becomes necessary to account
rately for the distinct contributionsSh ,Se or Uh ,Ue associ-
ated with heavy species and free electrons, respectively.
presence of a single entropySh or internal energyUh asso-
ciated with the heavy species reflects the mutual ther
equilibrium ofall the molecular degrees of freedom of atom
and ions, an assumption motivated by the convenience
simplicity in the analysis and of little relevance when plac
in a context, such as that of Ref.@22# and the present one
aiming only at revealing the influence of the physical co
straints on the equilibrium conditions.

Consider now thegedankentest consisting, in classical
thermodynamics language, of the following two processe

~a! First, let the two-temperature plasma system underg
process with the constraints of constant electron and he
particleentropies Se ,Sh and constant volumeV.

When the system settles down in equilibrium it will obv
ously have some internal energiesUh ,Ue and occupy the
same volumeV. One can then

~b! employ these known values for a possible proc
with the constraints of constant electron and heavy-part
internal energies Uh ,Ue and constant volumeV.

The question to address is whether or not the plasma c
©2001 The American Physical Society01-1
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position attained at the end of process~a! will be modified by
the occurrence of process~b!. The equilibrium problem rela-
tive to process~a! can be easily solved formally. To find th
equilibrium composition attained at the end of the proce
one prescribes the entropies and the volume

Sh5Sh
a , ~1!

Se5Se
a , ~2!

V5Va. ~3!

The superscript on the right-hand side of Eqs.~1!–~3! de-
notes assigned values of the variables in question. Then,
proceeds to the minimization of the total internal energy

U5U~Sh ,Se ,V,Na ,Ni ,Ne!5Uh~Sh ,V,Na ,Ni !

1Ue~Se ,V,Ne!, ~4!

of the plasma subjected to the constraints expressed by
~1!–~3! and to the expressions

Na5Na
o2j, ~5!

Ni5j, ~6!

Ne5j, ~7!

that relate the mole numbers to the progress variablej of the
ionization reactionA
A11e2 and that secure total-mas
conservation. In Eq.~5!, Na

o represents the initially availabl
moles of the atoms. In this way, one arrives at the algeb
system

m i1me2ma50, ~8!

Na1Ni5Na
o , ~9!

Ni5Ne , ~10!

whose solution provides the equilibrium compositionN̂s

5N̂s(Sh
a ,Se

a ,Va,Na
o) (s5a,i ,e). Thus, when the process

exhausted, the heavy species settle down at the temper

T̂h5S ]Uh

]Sh
D

V,Na ,Ni

5Th~Sh
a ,Va,N̂a ,N̂i !, ~11!

the free electrons reach the translational temperature

T̂e5S ]Uc

]Se
D

V,Ne

5Te~Se
a ,Va,N̂e!, ~12!

the internal energy of the plasma assumes the minimal v

Umin5Uh~Sh
a ,Va,N̂a ,N̂i !1Ue~Se

a ,Va,N̂e!, ~13!

and the entropy of the plasma remains obviously fixed a

S5Sh
a1Se

a , ~14!
01640
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according to Eqs.~1! and ~2!. The terms on the right-hand
side of Eq.~13! represent the values at which the intern
energies are supposed to be maintained during process~b!;
consistently with the present convention, they are, resp
tively, renamed as Uh(Sh

a ,Va,N̂a ,N̂i)5Uh
a and

Ue(Se
a ,Va,N̂e)5Ue

a for brevity.
The decisive question arises when attention turns to p

cess~b!: is the value of the entropy given in Eq.~14! maxi-
mal when the internal energies and the volume are fixed
the valuesUh

a ,Ue
a ,Va? For, clearly, no change of the syste

will take place in the case of an affirmative answer and
idea of the dependence of the equilibrium conditions on
nature of the physical constraints would undoubtedly be
feated. In this regard, the thermodynamic fundamental r
tion expressing the total entropy

S5S~Uh ,Ue ,V,Na ,Ni ,Ne!5Sh~Uh ,V,Na ,Ni !

1Se~Ue ,V,Ne!, ~15!

of the plasma is available and can be probed to retrieve
answer beyond any doubt. One, therefore, settles to m
mize the plasma entropy@Eq. ~15!# with the constraints

Uh5Uh
a , ~16!

Ue5Ue
a , ~17!

V5Va. ~18!

When account is taken of Eqs.~5!–~7!, this leads to an alge
braic system in which Eq.~8! is replaced with

m i

Th
1

me

Te
2

ma

Th
50, ~19!

and Eqs.~9! and~10! remain unchanged. Due to the presen
of the temperatures in Eq.~19!, this system returns an equ
librium composition Ñs5Ñs(Uh

a ,Ue
a ,Va,Na

o) (s5a,i ,e)

that differs from the one (N̂s) obtained in the former case
The maximal value of the plasma entropy turns out to be

Smax5Sh~Uh
a ,Va,Ña ,Ñi !1Se~Ue

a ,Va,Ñe!ÞSh
a1Se

a .
~20!

Equation ~20! provides a negative answer to the decisi
question previously formulated. This means that, start
from the equilibrium state at the end of the process of p
cess~a! and going through process~b!, the thermodynamic
state of the plasma will change accordingly until a new eq
librium will be reached with compositionÑs (s5a,i ,e),
heavy-species temperature

T̃h5S ]Sh

]Uh
D

V,Na ,Ni

21

5Th~Uh
a ,Va,Ña ,Ñi !ÞT̂h , ~21!

and free-electron temperature
1-2
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T̃e5S ]Se

]Uc
D

V,Ne

21

5Te~Ue
a ,Va,Ñe!ÞT̂e . ~22!

The evidence cast in Eq.~20! warns against the practic
of intuitively and unjustifiably exporting ideas originate
from a single-temperature background to multitemperat
circumstances where they may not necessarily apply; at
same time, it reaffirms the thesis about the importance of
role played by the physical constraints in the characteriza
of multitemperature equilibria.

III. PHYSICAL CONSTRAINTS AND DIFFERENT FORMS
OF THE TWO-TEMPERATURE SAHA EQUATION

The reader will not have missed that the two-temperat
equilibrium problems of Sec. II have been formulated
classical-thermodynamics language but confronted wit
the framework of axiomatic thermodynamics@25–28#. The
latter is a theory whose roots originate from Gibbs’ statisti
thermodynamics@29# and that, in many aspects, features
very solid internal coherence. Within its framework, eve
problem of single-temperature and multitemperature equ
rium can be solved from the mathematical exploitation of
general principle of internal-energy minimization and e
tropy maximization if the important role played by the phy
cal constraints is adequately brought into account@23,24#.
Indeed, following this approachall the alternative, seemingly
competing, forms of the two-temperature Saha equation
have been proposed in the literature can be recovered an
corresponding validity explained. In connection with this a
pect, an important issue can be taken up now for consi
ation: if the physical constraints establish the mathemat
form of the equilibrium equations then it becomes of inter
to understand which constraints determine which form of
two-temperature Saha equation. To a certain extent, the i
has been already confronted with a certain generality in R
@23# and two expressions@30# of multitemperature equilib-
rium constants have been given for the cases of entropic
and energetically restrained molecular degrees of freed
Those expressions are sufficiently flexible to be able to
commodate many particular cases. Their particularization
obtain the several forms of the two-temperature Saha e
tions discussed in the sequel requires the assignment of
cific constraints. These constraints will only be identifi
here; the supporting detailed equilibrium analyses will
omitted for lack of space and to avoid being somewhat
petitive with respect to what has already been done in R
@23#. It is worth remembering that constraints involving e
tropies are better dealt with internal-energy minimizatio
conversely, energetic constraints suit better entropy max
zation. This is, however, just amatter of convenience; in
reality the fundamental relations internal energy and entr
are completely equivalent@24–28#.

Before engaging in the planned intent, the assump
made in Sec. II, and dictated by reasons of consistency
Ref. @22#, about the mutual thermal equilibrium of the m
lecular degrees of freedom of the heavy species needs t
relaxed. The translational and the electronic-excitat
modes of atoms and ions are now recognized; each mode
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an entropy and an internal energy associated with it, so t
the arrays of the independent state parameters in
energetic/entropic thermodynamic representation@25,26,28#
read respectively$Sa,tr ,Sa,ex ,Si ,tr ,Si ,ex ,Se ,V,Na ,Ni ,Ne%
and $Ua,tr ,Ua,ex ,Ui ,tr ,Ui ,ex ,Ue ,V,Na ,Ni ,Ne%, with obvi-
ous meaning of the symbols.

The two-temperature Saha equation in the form

neS ni

na
D Th /Te

5
2Qi~Te!

Qa~Te!
S 2pmekBTe

h2 D 3/2

expS 2
EI

kBTe
D ,

~23!

is determined, via internal-energy minimization, by the fo
lowing entropic constraints:

Sa,tr1Si ,tr5Sh,tr
a , ~24!

Sa,ex1Si ,ex1Se5Sex1e
a . ~25!

In Eq. ~23!, na ,ni ,ne are the number densities of atoms, io
and free electrons,Th ,Te are the temperatures of heavy sp
cies ~atoms and ions! and free electrons,Qa ,Qi are the in-
ternal partition functions of atoms and ions,me is the elec-
tron mass,kB ,h are the Boltzmann and Planck constants, a
EI is the ionization potential of the atomA. Equations~24!
and ~25! endorse the situation in which the translational e
tropies of atoms and ions are free to redistribute amo
themselves, the electronic-excitation entropies of atoms
ions are free to redistribute with the translational entropy
the free electrons, but the two mode groups@(a,tr )
1( i ,tr )# and @(a,ex)1( i ,ex)1(e)# do not exchange en
tropy at all with each other and independently settle down
equilibrium at the different temperaturesTh andTe , respec-
tively. The entropic-freezing case considered in Ref.@22#,
and reelaborated upon in Sec. II, originates from a sli
variation of the previous constraints@Eqs.~24! and~25!#, that
is

Sa,tr1Sa,ex1Si ,tr1Si ,ex5Sh
a, ~26!

Se5Se
a. ~27!

In this case, the entropies of the heavy-species modes
free to redistribute among themselves and the translatio
entropy of the free electrons is frozen to a prescribed va
The comparison between Eqs.~1! and~26! reveals the nature
of the state parameterSh used in Ref.@22# and in Sec. II. The
form of the two-temperature Saha equation correspondin
the constraints~26! and ~27! reads

neS ni

na
D Th /Te

52F Qi~Th!

Qa~Th!G
Th /TeS 2pmekBTe

h2 D 3/2

3expS 2
EI

kBTe
D . ~28!

Notice the appearance of the heavy-species temperatur
the right-hand side of Eq.~28!: the presence of the facto
1-3



d

ur
tl

de
i
e
tro
s
e-
s
d

na
av

o
vy

-
ic
ge

nt
f
er

or

ie

the

h-

ed
lec-

n
the
.

e
e

nts
at-
u-

. In

f
ass

hat
o
on-
ture,
hen

ua-
e

ns.
son
ies
-

ee
spe-
, it
at
ses

D. GIORDANO AND M. CAPITELLI PHYSICAL REVIEW E 65 016401
involving the ratio of the internal partition functions powere
to Th /Te is a consequence of the presence ofSa,ex ,Si ,ex in
the constraint~26!.

Potapov@2# considered a plasma composed by a mixt
of molecules, their first ions and free electrons; consisten
he included in his analysis the rotational and vibrational
grees of freedom of the heavy species. In order to deal w
such a plasma, the arrays of the independent state param
previously introduced must be supplemented with the en
pies Sa,r ,Sa,v ,Si ,r ,Si ,v and the internal energie
Ua,r ,Ua,v ,Ui ,r ,Ui ,v corresponding to these additional d
grees of freedom; the subscripta refers to neutral molecule
in this case. The two-temperature Saha equation derive
Potapov reads@31#

neS ni

na
D Th /Te

52
Qi ,ex~Te!

Qa,ex~Te!
F Qi ,rv~Th!

Qa,rv~Th!G
Th /Te

3S 2pmekBTe

h2 D 3/2

expS 2
EI

kBTe
D , ~29!

and is determined by letting the rotational and vibratio
entropies redistribute with the translational ones of the he
species

Sa,tr1Sa,r1Sa,v1Si ,tr1Si ,r1Si ,v5Sh,tr 1r 1v
a , ~30!

and by keeping unaltered the constraint~25!

Sa,ex1Si ,ex1Se5Sex1e
a . ~31!

In Eq. ~29!, Qs,ex and Qs,rv (s5a,i ) are, respectively, the
electronic-excitation partition functions and the products
rotational and vibrational partition functions of the hea
species. If obtained in this manner, Eq.~29! is safely pro-
tected against attacks@7,12# bearing on an incorrect applica
tion of the extended second law of classical thermodynam

So much for circumstances in which entropy exchan
are restrained. The other situations that deserve attention
those in which internal energies appear in the constrai
one switches~for convenience! to the mathematical device o
entropy maximization in this case. Thus, the following en
getic constraints:

Ua,tr1Ui ,tr5Uh,tr
a , ~32!

Ua,ex1Ui ,ex1Ue5Uex1e
a , ~33!

determine the two-temperature Saha equation in the f
@32#

neni

na
5

2Qi~Te!

Qa~Te!
S 2pmekBTe

h2 D 3/2

expS 2
EI

kBTe
D , ~34!

proposed by van de Sanden and collaborators@7,8,10# and,
more recently, by Chen and Han@12#. The grouping of the
molecular degrees of freedom enforced by Eqs.~32! and~33!
is similar to that of Eqs.~24! and~25! but redistributions and
forbidden exchanges are relative to the internal energ
rather than to the entropies, this time. The constraints~32!
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and ~33! occasion a clarification about the presence of
soleTe on the right-hand side of Eq.~34!. In Ref. @12#, for
example, the kinetic-theory derivation carried out by Hoc
stim @33# and Mitchner and Kruger@34# is invoked as sup-
portive evidence that ‘‘ . . . since the average thermal spe
of electrons~dependent on the electron temperature and e
tron mass! is much greater than that of heavy particles~at-
oms, ions, etc!, electron speed will play a dominant role i
both the ionization and recombination reactions. Hence,
equilibrium constant for the ionization-recombination . .
will depend only on the electron temperature . . . ’’@35#.
The affirmation is in line with the earlier one of van d
Sandenet al. @7# who pointed out ‘‘that the electrons are th
dominant species concerning~de!excitation of the neutral
particles and ions.’’ These intuitively attractive stateme
are not free from conceptual objections. The kinetic tre
ment of bimolecular reactions involving reactants of molec
lar massm1 andm2 at different temperaturesT1 andT2 leads
to the definition of an effective temperature@36#

Teff5
m2T11m1T2

m11m2
, ~35!

at which the forward-rate coefficients must be calculated
the ionization processes by electron impactA1e2→A1

1e21e2 and by atom impactA1A→A11e21A, the cor-
responding forward-rate coefficientsKe

f ,Ka
f should, there-

fore, be calculated atTe ,Th , respectively. The reduction o
Teff to Te in the former case is due to the small electron m
(me /ma!1) and to the fact thatTe.Th under many experi-
mental situations. In these situations, it is certainly true t
Ke

f (Te).Ka
f (Th) but such a condition is not sufficient t

support the unconditional predominance of the electr
impact process, and of the associated electron tempera
over the atom-impact one. This turns out to be the case w
the kinetic terms verify the more complete condition

ne

na

K f
e~Te!

K f
a~Th!

@1, ~36!

involving the number densities of electrons and atoms. Eq
tion ~36! is satisfied only for sufficiently high values of th
number-density ratione /na , a condition that is not always
achieved in plasmas under quasiequilibrium conditio
Coming back to the thermodynamic context, the sole rea
for which the internal partition functions of the heavy spec
on the right-hand side of Eq.~34! are evaluated at the tem
peratureTe is because, according to the constraint~33!, the
electronic-excitation internal energiesUa,ex ,Ui ,ex are al-
lowed to redistribute with the translational one of the fr
electrons. Yet, this is an assumption that reflects some
cific experimental conditions of the plasma and, as such
does not qualify for the level of unconditional generality th
some authors attach to it. As a matter of fact, if one impo
the constraints

Ua,tr1Ua,ex1Ui ,tr1Ui ,ex5Uh
a, ~37!
1-4
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Ue5Ue
a. ~38!

Equation~34! must be replaced with

neni

na
5

2Qi~Th!

Qa~Th! S 2pmekBTe

h2 D 3/2

expS 2
EI

kBTh
D , ~39!

and thedominantrole of Te fades hopelessly away. This
exactly the case confronted by Morro and Romeo@4,5# with
their irreversible-thermodynamics approach. Contrary
what is claimed in Ref.@12#, Morro and Romeo did no
commit any mistake in the derivation of their two
temperature Saha equation@37# but were just consistent with
the constraints~37! and~38!, although they did not conside
the internal structure of atoms~and molecules!.

IV. SOME ADDITIONAL REFLECTIONS

The sequence of constrained equilibrium cases discu
in Sec. III complements the formal analysis carried out
Sec. II and reinforces the inescapable conclusion that
equilibrium relation involving the component number den
ties does depend on the imposed constraints. On the o
hand, other approaches@2,7,12# rely on the second law o
classical thermodynamics necessarily extended to bring m
titemperature situations within reach. The mathematical
ploitation of the basic statement~the subscriptk enumerates
the subsystems composing the thermodynamic system!

(
k

dSk>(
k

dQk

Tk
, ~40!

via the minimization of the functionsF̂5(k(Uk /Tk2Sk)
and Ĝ5(k(Hk /Tk2Sk) @38#, introduced, respectively, in
Ref. @7# and in Ref.@12#, promotes the law of mass action
the form

(
k

nkmk /Tk50, ~41!

as sole, unconditional guardian apt to qualify meaning
multitemperature equilibrium states. In Eqs.~40! and ~41!,
dQk is theheatexchanged by andnk ,mk , are stoichiometric
coefficient and chemical potential of thekth subsystem. On
the other hand, if confronted with the wealth of predictio
featured by the axiomatic-thermodynamics prescript, the
proach in question appears as a rigid pathway leading on
the recognition of equilibrium states with specifically co
strained internal energies. It is unavoidable to suspect
the conclusion found at the end of this pathway is a
stricted, one-sided view that attaches an undeserved lab
generality to a situation that is only part of an ampler d
course. Important questions demand attention in this reg
Is the formalism originated from the extended second
appropriate for the purpose of dealing with multitemperat
equilibria? Is it affected from hidden or overlooked conce
tual weaknesses? How can the disparity with the axioma
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thermodynamics approach be reconciled? These ques
need to be addressed and rigorously resolved rather than
perficially dismissed@39#.

Before concluding, there is another potential objecti
that ought to be taken care of: one might wonder about
physical meaning of the various constraints considered
Sec. III. Of course, energetic constraints raise no conc
some hesitation, however, might settle in when entropic c
straints are introduced in the picture. Do they really occur
practice? At first sight, the question could throw a shadow
doubt on the legitimacy of equilibrium analyses that rest
the enforcement of restraints about entropy exchanges
relegates those analyses to the role of mere academic e
cises. Nonetheless, if subjected to deeper scrutiny and ca
thought, the question proves irrelevant. The entropies
state parameters whose physical existence and meanin
ness are firmly rooted in the foundations of quantu
statistical thermodynamics at the same footing of the inter
energies. In the present authors’ opinion, there does not s
to exist any readily identifiable physical argument enforci
thea priori exclusion of circumstances in which the redist
butions of the entropies are either rigorously not free to
cur unconstrained or, at least, the assumption of such a
sibility constitutes a useful and satisfactory approximatio
In other words, the answer to the question is applicat
dependent. In this respect, hesitation is a consequenc
subjective habit determined by familiarity with one class
applications rather than another. For example, the gas
namicist dealing with flows in thermal nonequilibrium wou
be more inclined to expect entropy densities, rather th
internal-energy densities, preserved in flow field regions s
ficiently away from solid boundaries; and in the event th
such regions embed zones in which chemical equilibrium
approached then equations with a structure similar to
~23!, Eq. ~28! or Eq. ~29! might be found reliable enough t
better approximate equilibrium-composition distributions
the flow. If, as it appears to be the case according to so
authors, it turns out that the constraints~32! and ~33! are
those that happen in the class of applications one is ac
tomed to deal with, then the only consistent conclusion
draw is that the two-temperature Saha equation in the fo
of Eq. ~34! is applicable in that class. But it is in no wa
possible to affirm that such a form applies unconditiona
under any two-temperature situation whatsoever.

It is sometimes presumed that a self-consistent tim
dependent kinetic approach for the determination of the e
librium conditions could resolve once and forever the mu
faceted aspects of the controversy. Nevertheless, this is
an assumption. Following the nonequilibrium avenue wo
certainly help but only to achieve a more fundamental und
standing of the physical circumstances under which a p
ticular kind of constraints~if any! occurs rather than anothe
This understanding is beyond the reach of thermodynam
On the other hand, the kinetic approach presents the dr
back of introducing elementary processes whose rate co
cients are often not accurately known, recent improveme
in this direction notwithstanding@40#. From an application-
oriented point of view, the use of thermodynamics to calc
late plasma compositions is objectively simpler even thou
1-5
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difficulties arise at the moment of introducing nea
continuum levels in the partition functions; in this regard, t
unresolved transition array method appears promising@41#.

V. CONCLUSIONS

The dependence of multitemperature equilibrium con
tions on the constraints imposed on the thermodynamic
tem appears to be an unrefutable fact. Concerning id
@7,12# related to multitemperature situations, such as
nonapplicability of Helmholtz and Gibbs potential, the ex
tence of a generalized law of mass action@Eq. ~41!#, the
expectation of the unconditional applicability of a uniq
two-temperature Saha equation@Eq. ~34!#, and the maximi-
zation of entropy as sole equilibrium criterium, it suffic
here to recall that they can be opposed by solid argumen
axiomatic thermodynamics, as shown in Refs.@23,24#. The
conclusions drawn therein, therefore, apply here unvarie

Finally, as pertains the seemingly philosophical confro
o

e

.
w

ex

-

a

01640
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tation between the approach based on the extended se
law and the one founded on the axiomatic thermodynam
to characterize multitemperature equilibrium states, it is
jectively unavoidable to recognize that the latter theory e
braces and explains a wider range of equilibrium cases t
the former does. The consistent application of the axiom
method permits to provide a reason of existence forall the
two-temperature Saha equations presented in the litera
according to the physical constraints governing the variati
of the state parameters, and clears up the claim about
presumeddominanceof the free-electron translational tem
perature. On the other hand, the second-law method is
ited in that it is successful only in specific situations wi
constrained energies. The asymmetry between the met
and the reduced scope of the second-law method remai
open issue in demand of resolution; the long-standing th
retical debate regarding the two-temperature Saha equa
will remain forever lurking if this resolution will not be
achieved.
cs

th-

y-

hat
nd

e-

in
@1# A. Kraiko and Y. Moskvin, Zh. Prikl. Mekh. Tekh. Fiz.4, 154
~1965! @J. Appl. Mech. Tech. Phys.4, 104 ~1965!#.

@2# A. Potapov, High Temp.4, 48 ~1966!.
@3# S. Veis, in Proceedings of the Czechoslovak Conference

Electronics and Vacuum Physics, Prague, 1968, edited by L.
Paty ~Karlova Universita, Prague, 1968!, p. 105.

@4# A. Morro and M. Romeo, Nuovo Cimento D7, 539 ~1986!.
@5# A. Morro and M. Romeo, J. Plasma Phys.39, 41 ~1988!.
@6# A. Morro and M. Romeo, J. Non-Equilib. Thermodyn.13, 339

~1988!.
@7# M. C. M. van de Sandenet al., Phys. Rev. A40, 5273~1989!.
@8# M. C. M. van de Sanden, Doctoral thesis, Technische Univ

siteit Eindhoven, 1991.
@9# T. L. Eddy and K. Y. Cho, inHTD, Vol. 161 of Heat Transfer

in Thermal Plasma Processing, edited by K. Etemadi and J
Mostaghimi~American Society of Mechanical Engineers, Ne
York, 1991!, p. 195.

@10# M. C. M. van de Sanden and P. P. J. M. Schram, Teubern-T
Phys.~Physics of Nonideal Plasmas! 26, 81 ~1992!.

@11# M. Martinez-Sanchez~private communication!.
@12# X. Chen and P. Han, J. Phys. D32, 1711~1999!.
@13# K. Chen and T. L. Eddy, inProceedings of the 30th Plasma

dynamics and Lasers Conference, Norfolk, Virginia ~American
Institute of Aeronautics and Astronautics, Norfolk, 1999!,
AIAA 99-3539.

@14# D. Kannappan and T. K. Bose, Phys. Fluids20, 1668~1977!.
@15# A. E. Mertogul and H. Krier, J. Thermophys. Heat Transfer8,

781 ~1994!.
@16# K. Chen and T. L. Eddy, J. Thermophys. Heat Transfer9, 41

~1995!.
@17# Y. Tanaka, Y. Yokomizu, and M. Ishikawa, IEEE Trans. Plasm

Sci. 25, 991 ~1997!.
@18# G. J. Cliteuret al., J. Phys. D32, 1851~1999!.
@19# A. Gleizes, B. Chervy, and J. J. Gonzalez, J. Phys. D32, 2060

~1999!.
@20# R. Girardet al., J. Phys. D32, 2890~1999!.
n

r-

te

@21# M. Capitelli et al., in Proceedings of the 35th Thermophysi
Conference, Anaheim, California~American Institute of Aero-
nautics and Astronautics, Anaheim, 2001!, AIAA 2001-3018.

@22# D. Giordano and M. Capitelli, J. Thermophys. Heat Transfer9,
803 ~1995!.

@23# D. Giordano, inMolecular Physics and Hypersonic Flows,
Vol. 482 of NATO Advanced Study Institute, Series C: Ma
ematical and Physical Sciences, edited by M. Capitelli~Klu-
wer Academic Publishers, Dordrecht, 1996!, p. 259.

@24# D. Giordano, Phys. Rev. E58, 3098~1998!.
@25# L. Tisza, Generalized Thermodynamics~MIT Press, Cam-

bridge, MA, 1977!.
@26# H. Callen,Thermodynamics~Wiley, New York, 1963!; Ther-

modynamics and an Introduction to Thermostatistics~Wiley,
New York, 1985!.

@27# H. Robertson,Statistical Thermophysics~Prentice-Hall, Engle-
wood Cliffs, NJ, 1993!.

@28# L. Napolitano,Thermodynamique des Syste`mes Composites en
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