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Nonuniqueness of the two-temperature Saha equation and related considerations
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The present paper contains considerations relative to the long debated thermodynamic derivation of two-
temperature Saha equations. The main focus of our discourse is on the dependence of the multitemperature
equilibrium conditions on the constraints imposed on the thermodynamic system. We also examine the fol-
lowing key issues related to that dependence: correspondence between constraints and equilibrium-equation
forms that have appeared in the literature; presumed dominance of the free-electron translational temperature
in the two-temperature expression of the equilibrium constant of the ionization reéctigh’ +e~; disagree-
ment between the derivation methods based on, respectively, the extended second law of classical thermody-
namics and axiomatic thermodynamics; and plausibility of the existence of entropic constraints.
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[. INTRODUCTION ionization reactionA=A"+e", the disagreement between
The thermodynamic derivation of the Saha equatiorthe derivation methods based on, respectively, the extended
modified for the case of two-temperature or multitemperaturesecond law of classical thermodynamics and axiomatic ther-
plasmas is a recurrent topic in theoretical wotkse Refs. modynamics, and the plausibility of entropic constraints.
[1-13 and references thergisince quite a few decades and

has spawned the proliferation of different forms of the| pepENDENCE OF THE EQUILIBRIUM CONDITIONS
chemical-equilibrium equation with the consequent debate oy cONSTRAINTS AFFECTING THE INDEPENDENT

regarding which one of those forms ike correct oneto STATE VARIABLES
apply. This situation has certainly had, and is still having, an
impact on the applicationsl4-21. Consider a two-temperature plasma composed by a mix-

In a short technical noté22] published by the present ture of atomsA, ionsA™, and free electrons™ subjected to
authors in 1995, the idea was introduced, and explicitedhe ionization reactiolA=A"*+e~. For such a thermody-
through analysis of a simple equilibrium case, that the longhamic system, one should not miss the important and far-
debated different forms of the two-temperature Saha equaeaching fact that it is not sufficient to include ongtal
tion encountered in the literature do not compete with eactentropyS or internal energyJ, together with volume/ and
other because they describe different thermodynamic equilibmole numbersNg(s=a,i,e), to exhaust all the independent
ria according to the nature of the physical constraints that aretate parameters but it becomes necessary to account sepa-
imposed on the plasma. It is certainly true that the subjectately for the distinct contribution$;,,S, or Uy, ,U, associ-
matter was touched upon very synthetically in R&2]. Yet,  ated with heavy species and free electrons, respectively. The
more thoroughly elaborate analyses that concentrate on thgresence of a single entrof, or internal energyJ,, asso-
thermodynamic equilibrium of multitemperature gas mix- ciated with the heavy species reflects the mutual thermal
tures have been presented in Rg®3,24; interested readers equilibrium ofall the molecular degrees of freedom of atoms
are referred to the latter references for a better understandirand ions, an assumption motivated by the convenience of
of the idea in question and to become familiar with the backsimplicity in the analysis and of little relevance when placed
ground on which the considerations of the following sectionsn a context, such as that of R¢22] and the present one,
rely upon. aiming only at revealing the influence of the physical con-

The purpose of the present paper is twofold: it aims tostraints on the equilibrium conditions.
reemphasize the importance of the physical constraints in Consider now thegedankertest consisting, in classical-
determining chemical-equilibrium equations and composithermodynamics language, of the following two processes:
tion of a two-temperature plasma and, more importantly, to (a) First, let the two-temperature plasma system undergo a
examine a few related key issues, such as the correspondenu®cess with the constraints of constant electron and heavy-
between constraints and equilibrium-equation forms thaparticleentropies §,S;,, and constant volumyg.
have appeared in the literature, the presumed dominance of When the system settles down in equilibrium it will obvi-
the free-electron translational temperature in the two-ously have some internal energiek,,U, and occupy the
temperature expression of the equilibrium constant of thesame volume/. One can then

(b) employ these known values for a possible process
with the constraints of constant electron and heavy-particle

*Corresponding author. internal energies |J,U, and constant volum¥y.
Email address: Domenico.Giordano@esa.int The question to address is whether or not the plasma com-
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position attained at the end of procéaswill be modified by
the occurrence of procesls). The equilibrium problem rela-
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according to Egs(1) and (2). The terms on the right-hand
side of EqQ.(13) represent the values at which the internal

tive to procesga) can be easily solved formally. To find the energies are supposed to be maintained during prabgss
equilibrium composition attained at the end of the processgonsistently with the present convention, they are, respec-

one prescribes the entropies and the volume

Sh=Sh, N
Se=Se, i)
V=V2, &)

The superscript on the right-hand side of E¢B—(3) de-

tively, renamed as Uu(S?,V3N,,N)=U2 and
Uo(S2,V3 N,)=U2 for brevity.

The decisive question arises when attention turns to pro-
cess(b): is the value of the entropy given in E(l4) maxi-
mal when the internal energies and the volume are fixed to
the valuedJ?,UZ,Vv?? For, clearly, no change of the system
will take place in the case of an affirmative answer and the
idea of the dependence of the equilibrium conditions on the

notes assigned values of the variables in question. Then, or@ture of the physical constraints would undoubtedly be de-

proceeds to the minimization of the total internal energy

U=U(Sy,Se,V,Na,Ni,Ne) =Un(Sq,V.Nq, Nj)
TUe(Se,V.Ne), (4)

feated. In this regard, the thermodynamic fundamental rela-
tion expressing the total entropy

S= S(Uh,Ue,V,Na,Ni 1Ne):Sh(Uh1V1NavNi)
+Sa(Ue,V,Ng), (15

of the plasma subjected to the constraints expressed by Egs.

(1)—(3) and to the expressions

Na=N3—¢, 5
Nizgi (6)
Nezfa (7)

that relate the mole numbers to the progress variélutthe

ionization reactionA=A"+e~ and that secure total-mass
conservation. In Eq5), N3 represents the initially available

of the plasma is available and can be probed to retrieve an
answer beyond any doubt. One, therefore, settles to maxi-
mize the plasma entrof¥eg. (15)] with the constraints

Up=U3, (16)
Ue=UZ, (17)
V=V2, (18)

moles of the atoms. In this way, one arrives at the algebrai¥vhen account is taken of Eq6)—(7), this leads to an alge-

system
Mit pe— ma=0, 8
Na+N;=N3, 9
N;=N,, (10)

whose solution provides the equilibrium compositidh

=Ng(S?,52,V3,N?) (s=a,i,e). Thus, when the process is

1%

exhausted, the heavy species settle down at the temperature

R dUp A
=|— =Th(S2,V3,N,,N) (12)
h h ’ yIWNa ,INj ),
ISh VNG N;
the free electrons reach the translational temperature
- U N

=] =T«S,VAN,), (12)
ISe/\ \
e

braic system in which Eq38) is replaced with

Mi  Me Ha
T—h+T—e—T—h—0, (19

and Eqs(9) and(10) remain unchanged. Due to the presence
of the temperatures in E@19), this system returns an equi-

librium composition Ng=Ng(U2,U2 V3 N9) (s=a,i,e)
that differs from the onel,) obtained in the former case.
The maximal value of the plasma entropy turns out to be

Smax=Sn(UR, V2, N, Nij) +S,(U2 V3 Ng) # Sp+ S2.
(20

Equation (20) provides a negative answer to the decisive
question previously formulated. This means that, starting
from the equilibrium state at the end of the process of pro-
cess(a) and going through procegb), the thermodynamic

state of the plasma will change accordingly until a new equi-

librium will be reached with compositiolNs (s=a,i,e),

the internal energy of the plasma assumes the minimal valugeavy-species temperature

Umin=Un(S3, V&N, N +U(S2,VER,),  (13)

and the entropy of the plasma remains obviously fixed at

S-S+, 14

~ 95| 1 - o~ A
Thz(_8h> =Th(UR.VANL N # T, (20)
dUn VN, N,

and free-electron temperature
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~ 0S| 7t - . an entropy and an internal energy associated with it, so that,
=30 =Te(Ug, V3 Ne) # Te. (22 the arrays of the independent state parameters in the
¢/ V.Ng energetic/entropic thermodynamic representafi®®,26,2§

. . . . d tively{S, r s Sa ex> , +Se,V,NL,N; ,N

The evidence cast in Eq20) warns against the practice read respectivelyiSy i Saex Siir SiexSe a:Ni Nel
L - A - and{U, ¢ Uz ex:Ui v Ui ex:Ue,V,Ng,N; ,Ng}, with obvi-

of intuitively and unjustifiably exporting ideas originated e ! i

f inale-t 1 back dt it i ous meaning of the symbols.

rom a single-temperature background o multitemperature - o two-temperature Saha equation in the form

circumstances where they may not necessarily apply; at the
same time, it reaffirms the thesis about the importance of the 312
27TmekBTe E|
h2 ex kgTe/)’
(23

role played by the physical constraints in the characterization
of multitemperature equilibria.

n )Th’Te_szTe)
i T QaTo)

lll. PHYSICAL CONSTRAINTS AND DIFFERENT FORMS _ _ . L
OF THE TWO-TEMPERATURE SAHA EQUATION is determined, via internal-energy minimization, by the fol-
lowing entropic constraints:
The reader will not have missed that the two-temperature

equilibrium problems of Sec. Il have been formulated in SatrtSu=Shu (24)
classical-thermodynamics language but confronted within
the framework of axiomatic thermodynamif25-28. The Saext Siext Se=S s - (25)

latter is a theory whose roots originate from Gibbs’ statistical
thermodynamic429] and that, in many aspects, features ajn gq. (23), n,,n; ,n, are the number densities of atoms, ions

very solid in_ternal coherence. Within it§ framework, everyand free electrons],,, T, are the temperatures of heavy spe-
problem of single-temperature and multitemperature equilibgjes (atoms and ionsand free electrong,,Q; are the in-
rium can be solved from the mathematical exploitation of theernal partition functions of atoms and ioms, is the elec-

general principle of internal-energy minimization and en-yon masskg ,h are the Boltzmann and Planck constants, and
tropy maximization if the important role played by the physi- E, is the ionization potential of the ator Equations(24)

cal constraints is adequately brought into accd@®,24. 414 (25) endorse the situation in which the translational en-

Indeed, following this approadill the alternative, seemingly ropies of atoms and ions are free to redistribute among
competing, forms of the two-temperature Saha equation thghemselves, the electronic-excitation entropies of atoms and
have been proposed in the literature can be recovered and tigs are free to redistribute with the translational entropy of

corresponding validity explained. In connection with this as-tne free electrons. but the two mode group&, tr)

pect, an important issue can be taken up now for conS|derJr(i,tr)] and[(a,ex) +(i,ex)+(e)] do not exchange en-

ation: if the physical constraints establish the mathematicagropy at all with each other and independently settle down in

form of the equilibrium equations then it becomes of imeresrequilibrium at the different temperatur@s and T, respec-
to understand which constraints determine which form of thE{iver. The entropic-freezing case consideredei’n He]

two-temperature Saha equation. To a certain extent, the issug 4" reelaborated upon in Sec. II, originates from a slight

has been already confronted with a certain generality in Ref 5 iation of the previous constrairf&gs.(24) and(25)], that
[23] and two expressiong30] of multitemperature equilib- ;

rium constants have been given for the cases of entropically
and energetlca_lly restralned_ _molecular_ degrees of freedom. SatrtSaextSiutSex=5 (26)
Those expressions are sufficiently flexible to be able to ac-
commodate many particular cases. Their particularization to
obtain the several forms of the two-temperature Saha equa-

tions discussed in the sequel requires the assignment of SPE this case. the entropies of the heavy-species modes are

ﬁ';'fe_C?hnjtrsi'ntso'anhesdeetgﬁgztr:ml:ﬁibvyiﬂmogz;esel(sjevr\]/ﬂlﬁidefree to redistribute among themselves and the translational
omitt'ed for Iach|)< of sg ace and toqavoid bein s)(;mewhat re_entropy of the free electrons is frozen to a prescribed value.

" . P 9 : The comparison between Eq4) and(26) reveals the nature
petitive with respect to what has already been done in Ref

[23]. It is worth remembering that constraints involving en- Of the state paramet&, used in Ref[22] and in Sec. II. The

tropies are better dealt with internal-energy minimization'form of the two-temperature Saha equation corresponding to

conversely, energetic constraints suit better entropy maximit-he constraint$26) and(27) reads

zation. This is, however, just matter of conveniencen T iTe T

reality the fundamental relations internal energy and entropy n (ﬂ) _ [Qi( h)

are completely equivaleri24—29. ¢ Qa(Th)
Before engaging in the planned intent, the assumption

made in Sec. I, and dictated by reasons of consistency with Xexr{ _ E

Ref. [22], about the mutual thermal equilibrium of the mo- kgTe

lecular degrees of freedom of the heavy species needs to be

relaxed. The translational and the electronic-excitationNotice the appearance of the heavy-species temperature on

modes of atoms and ions are now recognized; each mode ht® right-hand side of Eq28): the presence of the factor

S-S (27)

3/2
Th/Te[ 2 rmckgTe

h2

a

. (28
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involving the ratio of the internal partition functions powered and (33) occasion a clarification about the presence of the
to T,/T, is a consequence of the presenceSpt,,S; e in sole T, on the right-hand side of Eq34). In Ref.[12], for
the constrain{26). example, the kinetic-theory derivation carried out by Hoch-
Potapov[2] considered a plasma composed by a mixturestim [33] and Mitchner and Krugel34] is invoked as sup-
of molecules, their first ions and free electrons; consistentlyportive evidence that : .. since the average thermal speed
he included in his analysis the rotational and vibrational de-of electrongdependent on the electron temperature and elec-
grees of freedom of the heavy species. In order to deal witlron mas$ is much greater than that of heavy particles
such a plasma, the arrays of the independent state parameterss, ions, etg electron speed will play a dominant role in
previously introduced must be supplemented with the entroboth the ionization and recombination reactions. Hence, the
pies S,;,S,,.S,:,S, and the internal energies equilibrium constant for the ionization-recombination
Uar.Ua, Ui, U;, corresponding to these additional de- will depend only on the electron temperature .. .[35].
grees of freedom; the subscriatefers to neutral molecules The affirmation is in line with the earlier one of van de
in this case. The two-temperature Saha equation derived byanderet al.[7] who pointed out “that the electrons are the
Potapov readg31] dominant species concerningle)excitation of the neutral
T particles and ions.” These intuitively attractive statements
0 (ﬁ h e:2Qi,ex(Te) [Qi,rv(Th) are not free from conceptual objections. The kinetic treat-
fln, Qaex(Te) | Qaro(Th) ment of bimolecular reactions involving reactants of molecu-
lar masam; andm, at different temperatureg, andT, leads

Th/Te

32
2mmekgTe E, to the definition of an effective temperatUi6]
XN Xp — , (29
h2 kBTe
m,T;+m;T,
and is determined by letting the rotational and vibrational Teﬁ:—m1+m2 , (35
entropies redistribute with the translational ones of the heavy

Species at which the forward-rate coefficients must be calculated. In

S . +S +S. +S.+S . +S = . (30 the ionization processes by electron impacte —A"
3t Sar TSt St St Su= S (30 +e” +e~ and by atom impach+A—A" +e” +A, the cor-

and by keeping unaltered the constrai2b) responding forward-rate coefficientsL,K; should, there-
fore, be calculated af.,T,,, respectively. The reduction of
Saext Sijext Se=Sexrer (3D T4 to T, in the former case is due to the small electron mass

(me/m,<1) and to the fact that > T,, under many experi-
ental situations. In these situations, it is certainly true that

Ki(Te)>K!(T,) but such a condition is not sufficient to

support the unconditional predominance of the electron-

tected against attack, 12 bearing on an incorrect applica- impact process, and of the associated electron temperature,
tion of thge extended sécond law cﬂ‘ classical thermodprr)1amic over the atom-impact one. This turns out to be the case when
y Ihe kinetic terms verify the more complete condition

So much for circumstances in which entropy exchanges
are restrained. The other situations that deserve attention are
those in which internal energies appear in the constraints; ne K§(Te)
one switchegfor conveniencgto the mathematical device of n_a K3(Tp) >1, (36)
entropy maximization in this case. Thus, the following ener-
getic constraints:

In Eq. (29), Qsex andQs,, (s=a,i) are, respectively, the
electronic-excitation partition functions and the products o
rotational and vibrational partition functions of the heavy
species. If obtained in this manner, EQ9) is safely pro-

involving the number densities of electrons and atoms. Equa-

Uge+ Ui p=U2 ., (32) tion (36) is satisfied only for sufficiently high values of the
’ ' " number-density ratim./n,, a condition that is not always
Uaext Ui extUe=U2, ., (33) achieved in plasmas under quasiequilibrium conditions.

Coming back to the thermodynamic context, the sole reason
determine the two-temperature Saha equation in the forrfPr which the internal partition functions of the heavy species
[32] on the right-hand side of Eq34) are evaluated at the tem-
peratureT, is because, according to the constrdB®), the
3/2
zﬂmekBTe) F{ E|
ex

nen;i  2Q;(Te)

Na  Qal(Te)

electronic-excitation internal energidd, ¢«,U; ox are al-
h2 - kBTe)' (34 lowed to redistribute with the translational one of the free
electrons. Yet, this is an assumption that reflects some spe-
cific experimental conditions of the plasma and, as such, it
does not qualify for the level of unconditional generality that
some authors attach to it. As a matter of fact, if one imposes
the constraints

proposed by van de Sanden and collaboraf@8,10 and,
more recently, by Chen and H4t2]. The grouping of the
molecular degrees of freedom enforced by Eg8) and(33)
is similar to that of Eqs(24) and(25) but redistributions and
forbidden exchanges are relative to the internal energies,

rather than to the entropies, this time. The constrai8 UatrtUgext Ui g+ Ui ex=Up, (37
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Ue=U2 (38)  thermodynamics approach be reconciled? These questions
need to be addressed and rigorously resolved rather than su-
Equation(34) must be replaced with perficially dismissed39].

Before concluding, there is another potential objection

3/2 . H
neni  2Qi(Ty) [ 27meksTe E, that ought to be taken care of: one might wonder about the
N 0Ty H ex Tt (39 physical meaning of the various constraints considered in

a alth B'h Sec. lll. Of course, energetic constraints raise no concern;

i .. some hesitation, however, might settle in when entropic con-
and thedominantrole of T, fades hopelessly away. T_h's S straints are introduced in the picture. Do they really occur in
exactly the case confronted by Morro and Romé] with - tice At first sight, the question could throw a shadow of
their .|rreve.r3|ble—_thermodynam|cs approach. Contrary ©Coubt on the legitimacy of equilibrium analyses that rest on
what IS cIalmed_ in Ref_[12], Morro.am_j Romeo d.'d NOt the enforcement of restraints about entropy exchanges and
commit any mistake n the derlva'tlon of .the|r two- relegates those analyses to the role of mere academic exer-
temperaturg Saha equatif8v] but were just ponS|stent V_V'th cises. Nonetheless, if subjected to deeper scrutiny and careful
the constraint$37) and (38), although they did not consider y,q,ght the question proves irrelevant. The entropies are
the internal structure of atoniand molecules state parameters whose physical existence and meaningful-

ness are firmly rooted in the foundations of quantum-
IV. SOME ADDITIONAL REFLECTIONS statistical thermodynamics at the same footing of the internal
_ _— . energies. In the present authors’ opinion, there does not seem
. The sequence of constrained eq“"'b““”_‘ cases dlscus_sqg exist any readily identifiable physical argument enforcing
in Sec. lll com_plements the_ formal analysis car.rled out INy o 5 priori exclusion of circumstances in which the redistri-
Sec_._ll .and remforqes th_e inescapable conclusion that t.hSUIiOI’]S of the entropies are either rigorously not free to oc-
gqumbnum relation mvoIvmg the component number denSI'cur unconstrained or, at least, the assumption of such a pos-
ties does depend on the imposed constraints. On the Oth‘§fbi|ity constitutes a useful and satisfactory approximation.
hand,_ other approaché_ﬁ,?,la rely on the second Ia_vv of n other words, the answer to the question is application
c_IassmaI therm(_)dyn_amlcs _ne_cessanly extended to brl_ng muliependent. In this respect, hesitation is a consequence of
titemperature situations within reach. Thg mathematical ex'subjective habit determined by familiarity with one class of
ploitation of the basic stz_atemefrhe subscripk enumerates applications rather than another. For example, the gasdy-
the subsystems composing the thermodynamic system namicist dealing with flows in thermal nonequilibrium would

be more inclined to expect entropy densities, rather than
2 dS%Z & (40) internal-energy densities, preserved in flow field regions suf-
K K

Ty’ ficiently away from solid boundaries; and in the event that
such regions embed zones in which chemical equilibrium is

via the minimization of the function§=3,(U,/T,—S,)  approached then equations with a structure similar to Eq.
and GZEK(HK/Tk—Sk) [38], introduced, respectively, in (23), Eq. (28) or Eqg.(29) might be found reliable enough to

Ref.[7] and in Ref[12], promotes the law of mass action in better approximate equilibrium-composition dlstr_|but|ons in
the form the flow. If, as it appears to be the case according to some

authors, it turns out that the constrain®2) and (33) are

those that happen in the class of applications one is accus-
> v/ Te=0, (41 tomed to deal with, then the only consistent conclusion to
k draw is that the two-temperature Saha equation in the form

of Eq. (34) is applicable in that class. But it is in no way
as sole, unconditional guardian apt to qualify meaningfulpossible to affirm that such a form applies unconditionally
multitemperature equilibrium states. In Edd0) and (41),  under any two-temperature situation whatsoever.
8Qy is theheatexchanged by and, ,u, , are stoichiometric It is sometimes presumed that a self-consistent time-
coefficient and chemical potential of th¢h subsystem. On dependent kinetic approach for the determination of the equi-
the other hand, if confronted with the wealth of predictionslibrium conditions could resolve once and forever the multi-
featured by the axiomatic-thermodynamics prescript, the apfaceted aspects of the controversy. Nevertheless, this is still
proach in question appears as a rigid pathway leading only tan assumption. Following the nonequilibrium avenue would
the recognition of equilibrium states with specifically con- certainly help but only to achieve a more fundamental under-
strained internal energies. It is unavoidable to suspect thatanding of the physical circumstances under which a par-
the conclusion found at the end of this pathway is a redicular kind of constraintsif any) occurs rather than another.
stricted, one-sided view that attaches an undeserved label @his understanding is beyond the reach of thermodynamics.
generality to a situation that is only part of an ampler dis-On the other hand, the kinetic approach presents the draw-
course. Important questions demand attention in this regardhack of introducing elementary processes whose rate coeffi-
Is the formalism originated from the extended second lawcients are often not accurately known, recent improvements
appropriate for the purpose of dealing with multitemperaturen this direction notwithstandinf40]. From an application-
equilibria? Is it affected from hidden or overlooked concep-oriented point of view, the use of thermodynamics to calcu-
tual weaknesses? How can the disparity with the axiomaticlate plasma compositions is objectively simpler even though
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difficulties arise at the moment of introducing near-tation between the approach based on the extended second
continuum levels in the partition functions; in this regard, thelaw and the one founded on the axiomatic thermodynamics
unresolved transition array method appears promidig to characterize multitemperature equilibrium states, it is ob-
jectively unavoidable to recognize that the latter theory em-
V. CONCLUSIONS braces and explains a wider range of equilibrium cases than
the former does. The consistent application of the axiomatic
The dependence of multitemperature equilibrium condi-method permits to provide a reason of existencealbithe
tions on the constraints imposed on the thermodynamic syswo-temperature Saha equations presented in the literature
tem appears to be an unrefutable fact. Concerning ideasccording to the physical constraints governing the variations
[7,12] related to multitemperature situations, such as theof the state parameters, and clears up the claim about the
nonapplicability of Helmholtz and Gibbs potential, the exis- presumeddominanceof the free-electron translational tem-
tence of a generalized law of mass actidfy. (41)], the  perature. On the other hand, the second-law method is lim-
expectation of the unconditional applicability of a uniqueited in that it is successful only in specific situations with
two-temperature Saha equatiffag. (34)], and the maximi- constrained energies. The asymmetry between the methods
zation of entropy as sole equilibrium criterium, it suffices and the reduced scope of the second-law method remain an
here to recall that they can be opposed by solid arguments @fpen issue in demand of resolution; the long-standing theo-
axiomatic thermodynamics, as shown in Réf3,24. The retical debate regarding the two-temperature Saha equation
conclusions drawn therein, therefore, apply here unvaried. will remain forever lurking if this resolution will not be
Finally, as pertains the seemingly philosophical confron-achieved.
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